Abstract. Coupled-mode equations are derived from Maxwell equations for modeling of lowcontrast cubic-lattice photonic crystals in three spatial dimensions. Coupled-mode equations describe resonantly interacting Bloch waves in stop bands of the photonic crystal. We study the linear boundary-value problem for stationary transmission of four counter-propagating and two oblique waves on the plane. Well-posedness of the boundary-value problem is proved by using the method of separation of variables and generalized Fourier series. For applications in photonic optics, we compute integral invariants for transmission, reflection, and diffraction of resonant waves.
Introduction.
Photonic band-gap crystals are periodic optical materials, the spectrum of which consists of bands separated by band gaps [13] . Linear periodic properties of the isotropic photonic crystals are modeled with the Maxwell equations
where n = n(x) is the periodic refractive index, E = (E x , E y , E z ) is the electric field vector, x = (x, y, z) is the physical space, t is the time variable, ∇ = (∂ x , ∂ y , ∂ z ) is the gradient vector, and c is the speed of light. Components of the magnetic field vector are eliminated from the Maxwell equations (1.1) [13] .
The Maxwell equations (1.1) in one dimension can be simplified for a linearly polarized light, such that E = (E, 0, 0), where E = E(z, t) and n = n(z). The scalar component E(z, t) solves the wave equation with the periodic speed variations
If the refractive index n(z) is a periodic function with period z 0 , the linear spectrum of the wave equation (1.2) 
reduces to the Mathieu equation for E(z, t) = ψ(z)e
−iωt , where ω is the eigenvalue and ψ(z) is the eigenfunction of the spectral problem According to the Floquet theory [12] , solutions of the Mathieu equation (1.3) take the form ψ(z) = Ψ(z)e ik(ω)z , where Ψ(z + z 0 ) = Ψ(z) and k = k(ω) is the propagation constant. For a general class of periodic potentials n 2 (z), there exist infinitely many intervals of ω, called band gaps, where the propagation constant k(ω) is purely imaginary and the Bloch function ψ(z) is unbounded in z. The band gaps are supported by the low-contrast photonic crystal with the refractive index n(z) = n 0 + n 1 (z), where n 0 is constant and is small parameter.
The linear Maxwell equations (1.1) in two and three dimensions can also be reduced to a spectral problem for E(x, t) = ψ(x)e −iωt , where ω is the eigenvalue and ψ(x) is the eigenvector. When n(x) is a periodic function in x, y, z with periods x 0 , y 0 , z 0 , respectively, the eigenvector ψ(x) satisfies the Floquet theorem [12] and has the form of the Bloch wave: ψ(x) = Ψ(x)e i(kxx+kyy+kzz) , where Ψ(x) is periodic in x, y, and z with periods x 0 , y 0 , and z 0 , and ω = ω(k x , k y , k z ). No band gaps exist in the linear spectrum for low-contrast photonic crystals. As a result, the bounded Bloch functions ψ(x) may exist for any value of ω ∈ R. High-contrast photonic crystals may, however, exhibit band gaps for some configurations of the refractive index n(x) [13] .
Modeling of time-dependent responses of photonic crystals in three spatial dimensions can be computationally difficult in the framework of the Maxwell equations, especially if the nonlinear and nonlocal dispersive terms are taken into account. A more efficient method is based on reduction of Maxwell equations (1.1) to the coupledmode equations [23] . For instance, shock wave singularities may occur in the nonlinear Maxwell equations but they do not occur in the nonlinear coupled-mode equations [8] . Coupled-mode equations are typically derived in the first band gap of the Bragg resonance between two counter-propagating waves in one spatial dimension [20, 21] . More complicated coupled-mode equations are considered for three-dimensional nonlinear photonic crystals [1, 2, 3, 6] . Recent reviews [4, 5] also include classification of different resonances of Bloch waves in photonic crystals with quadratic nonlinearities.
In this paper, we classify wave resonances and coupled-mode equations for lowcontrast cubic-lattice photonic crystals in three spatial dimensions. Since low-contrast crystals do not support band gaps beyond one dimension [12, 13] , resonances are considered in stop bands of the linear spectrum [10] . Stop bands occur between resonant counter-propagating waves, which could be coupled resonantly with other oblique Bloch waves. The number of resonant Bloch waves depends on the geometric configuration of the incident wave with respect to the cubic lattice. When the Maxwell equations are truncated with the perturbation series expansions, coupled-mode equations for the lowest-order Bragg resonances are derived and studied in bounded domains, subject to the radiation boundary conditions. The radiation boundary conditions describe transmission of the incident Bloch waves which generate resonantly reflected and diffracted Bloch waves in the photonic crystals.
We study here the linear coupled-mode equations for four counter-propagating and two oblique Bloch waves on the plane. It is not a priori clear why the stationary boundary-value problem with radiation boundary conditions is well posed, since it is specified by non-self-adjoint operators on the bounded domains. We prove, however, the well-posedness of the linear stationary problem by using separation of variables and generalized Fourier series [24] . Eigenfunction expansions and convergence of generalized Fourier series follow from the general theory [7] . As a result, we construct explicit analytical expressions for stationary transmission, reflection, and diffraction of resonant Bloch waves, which are used in modeling of the low-contrast photonic crystals.
Other applications of optical photonic structures include nonlinear phenomena, such as bistable stationary transmission and gap soliton propagation [6, 14, 15, 22] . Very little is known about the persistence of such phenomena in two and three spatial dimensions, especially given that no band gap exists in low-contrast three-dimensional photonic structures. The coupled-mode equations can be generalized to include the weakly nonlinear (cubic) terms and to extend the time-dependent problems to the nonlinear coupled-mode equations [18, 19] . Well-posedness of the nonlinear stationary problems is beyond the scope of this manuscript, which only presents solutions of the linear stationary problems. Nevertheless, linear analysis opens the road to nonlinear analysis of the corresponding boundary-value problems.
The paper is organized as follows. Classification of resonances in low-contrast cubic-lattice crystals is given in section 2. Derivation of coupled-mode equations for lowest-order resonances is described in section 3. The linear stationary boundaryvalue problems for four counter-propagating and two oblique resonant Bloch waves are analyzed in section 4. Section 5 concludes the paper. Appendix A gives derivation and explicit forms of the nonlinear coupled-mode equations with cubic (Kerr) nonlinearities.
Classification of resonances.
When the optical material is homogeneous, such that n(x) = n 0 is constant, the linear spectrum of the Maxwell equations (1.1) is defined by the free transverse waves,
where e k is the polarization vector, k = (k x , k y , k z ) is the wave vector, and ω = ω(k) is the wave frequency. It follows from system (1.1) that
For each wave vector k there exist two independent polarizations e (1) k and e (2) k such that e (1) k · e (2) k = 0. This degeneracy in the polarization vector is neglected here by the assumption that the incident wave is linearly polarized.
When the optical material is periodic such that n(x + x 0 ) = n(x 0 ), the linear spectrum of the Maxwell equations (1.1) is defined by the Bloch waves:
where Ψ(x + x 0 ) = Ψ(x) is the periodic envelope, k = (k x , k y , k z ) is the wave vector, and ω = ω(k) is the wave frequency. Existence of the Bloch waves (2.3) for the Maxwell equations (1.1) is proved in [12] . The geometric configuration of the photonic crystal is defined by the fundamental (linearly independent) lattice vectors x 1,2,3 and fundamental reciprocal lattice vectors k 1,2,3 such that k i · x j = 2πδ i,j , where 1 ≤ i, j ≤ 3 (see [10] ). Therefore, the linear refractive index n(x) can be expanded into a triple Fourier series:
where the factor n 0 is included for convenience. If n 0 is the mean value of n(x), then α 0,0,0 = 1. Let the wave vector k in the incident Bloch wave (2.3) be chosen as k = k in . The incident wave vector k in is expanded in terms of the lattice vectors:
where (p, q, r) ∈ R 3 are parameters. The Bloch wave (2.3) is represented by triple Fourier series for Ψ(x), such that E(x, t) consists of an infinite superposition of free transverse waves with the wave vectors k
The wave vector k (n,m,l) out with a nonempty triple (n, m, l) is said to be resonant with the wave vector k in if |k
We consider here a simple cubic crystal, where the fundamental lattice vectors and reciprocal lattice vectors are all orthogonal [10] :
where e 1,2,3 are unit vectors in R 3 . The coordinate axes (x, y, z) are oriented along the axes of the simple cubic crystal, while the incident wave vector k in is directed according to the spherical angles (θ, ϕ) as follows:
where k = |k in |. When θ = 0, the wave vector k in is perpendicular to the (x, y) crystal plane. For the simple cubic crystal, the set of resonant Bloch waves is given by the set of triples
The set S always has a zero solution: (n, m, l) = (0, 0, 0). When (p, q, r) ∈ Z 3 and |p| + |q| + |r| = 0, the set S has at least one nonzero solution: (n, m, l) = (−p, −q, −r). The set S is also bounded, since (n, m, l) are integer solutions inside the sphere:
When (p, q, r) ∈ Z 3 , resonant triples (n, m, l) can all be classified analytically. However, when (p, q, r) / ∈ Z 3 , additional resonant triples may also exist. In solid state physics [10] , a geometric solution for the resonant triples (n, m, l) is constructed from the condition that the vector
− k in lies on the edge of sectors of the reciprocal lattice. Here we review particular resonant sets S for integer and noninteger values of (p, q, r).
A family of one-dimensional resonances.
The one-dimensional Bragg resonance occurs when the incident wave is coupled with the counter-propagating reflected wave such that the set S has at least one nonzero solution: (n, m, l) = (0, 0, −r), where r ∈ Z + . The values of p and q are not defined for the Bragg resonance when n = m = 0. As a result, spherical angles θ and ϕ in the parametrization (2.8) are arbitrary, while the wave number k satisfies the Bragg resonance condition [10] :
such that rλ = 2a cos θ, where λ is the wavelength. The one-dimensional Bragg resonance is generalized in three dimensions for p = q = 0 and r ∈ Z + , when the geometric configuration for the Bragg resonance (2.12) is fixed at the specific value θ = 0, and
The incident wave is directed to the z-axis of the cubic lattice crystal, and the wavelength is λ = 2a/r. The family of Bragg resonances with p = q = 0 and r ∈ Z + may include not only the two counter-propagating waves (2.13) but also other Bloch waves in three-dimensional photonic crystals. The lowest-order resonant sets S for p = q = 0 and r ∈ Z + are listed below:
The dimension of S depends on the total number of all possible integer solutions for (n, m, l). The sets S for higher-order resonances with r ∈ Z + can be found algorithmically, with symbolic computing software. 
The two-dimensional Bragg resonances are generalized in three dimensions for (p, q) ∈ Z 2 + and r = 0, when the geometric configuration for the Bragg resonance (2.14) is fixed at the specific value θ = π 2 , and
The incident wave k in is directed along the diagonal of the (px, qy)-cell of the cubic lattice crystal, and the wavelength is λ = 2a/ p 2 + q 2 .
The families of Bragg resonances with (p, q) ∈ Z 2 + and r = 0 may include not only the four resonant waves (2.15) but also other Bloch waves in three-dimensional photonic crystals. The lowest-order resonant sets S for (p, q) ∈ Z 2 + and r = 0 are listed below: 
where (n, m) ∈ Z 2 are arbitrary and (p, q) ∈ R 2 are taken on the straight line:
Similarly, three oblique waves can be resonant on the (x, y)-plane if
In the general case, two oblique waves (2.16) or three oblique waves (2.18) may have resonances with other Bloch waves in three-dimensional photonic crystals.
A family of three-dimensional resonances.
When (p, q, r) ∈ Z 3 + , the resonant sets S include eight coupled waves for fully three-dimensional Bragg resonance:
The resonance condition for the three-dimensional Bragg resonance takes the form
The incident wave k in is directed along the diagonal of the (px, qy, rz)-cell of the cubic lattice crystal, and the wavelength is λ = 2a/ p 2 + q 2 + r 2 . The eight waves (2.20) can be coupled with some other resonant waves such that dim(S) ≥ 8 for (p, q, r) ∈ Z 3. Derivation of coupled-mode equations. The dispersion surface ω = ω(k) for the Bloch waves (2.3) in the periodic photonic crystal is defined by the profile of the refractive index n(x). We shall consider the asymptotic approximation of the dispersion surface ω = ω(k) in the limit when the photonic crystal is low-contrast, such that the refractive index n(x) is given by
where n 0 is a constant and is small parameter. It is proved in [12] that the Bloch waves (2.3) are smooth functions of , such that the asymptotic solution of the Maxwell equations (1.1) as → 0 takes the form of the perturbation series expansions:
The leading-order term E 0 (x, t) consists of free transverse waves (2.1) with wave vectors k (n,m,l) out , given by (2.6), such that the asymptotic form (3.2) represents the Bloch wave (2.3) as = 0.
Coupled-mode equations are derived by separating resonant free waves from nonresonant free waves in the Bloch wave (2.3), where the resonant set S with N = dim(S) < ∞ is defined by (2.9). Let E 0 (x, t) be a linear superposition of N resonant waves with wave vectors k j at the same frequency ω:
where ω and k j are related by the same dispersion equation (2.2), A j (X, T ) is the envelope amplitude of the jth resonant wave (2.1), and (X, T ) are slow variables. The slow variables represent a deformation of the dispersion surface ω = ω(k j ) due to the low-contrast periodic photonic crystal. The degeneracy in the polarization vector is neglected by the assumption that the incident wave is linearly polarized with the polarization vector e in = e kin . The triple Fourier series (2.4) for the cubic-lattice crystal (2.7) is simplified as follows:
where α 0,0,0 = 0. The Fourier coefficients α n,m,l satisfy the constraints
due to the reality of n 1 (x);
due to the crystal isotropy in the directions of x, y, z-axes; and
due to the crystal symmetry with respect to the origin (0, 0, 0). (The latter property can be achieved by a simple shift of (x, y, z).) It follows from constraints (3.5) and (3.7) that all coefficients α n,m,l for (n, m, l) ∈ Z 3 are real-valued.
It follows from (1.1), (3.1), and (3.2) that the first-order correction term E 1 (x, t) solves the nonhomogeneous linear problem
where ∇ X = (∂ X , ∂ Y , ∂ Z ) and the second equation of (1.1) has been used. The righthand side of the nonhomogeneous equation (3.8) has resonant terms, which are parallel to the free-wave resonant solutions of the homogeneous problem. The resonant terms lead to the secular growth of E 1 (x, t) in t unless they are identically zero. The latter conditions define the coupled-mode equations for amplitudes A j (X, T ), j = 1, . . . , N, in the general form
where the elements {α j,k } 1≤j,k≤N are related to the Fourier coefficients of the resonant waves {α n,m,l } (n,m,l)∈S . The explicit forms of the coupled-mode equations (3.9) are given for two and four counter-propagating and two oblique resonant Bloch waves.
Coupled-mode equations for two counter-propagating waves.
The lowest-order Bragg resonance for two counter-propagating waves (2.13) occurs for r = 1, when
Let A 1 = A + (Z, T ) and A 2 = A − (Z, T ) be the amplitudes of the right (forward) and left (backward) propagating waves, respectively. The envelope amplitudes are not modulated across the (X, Y )-plane, since the coupled-mode equations for A ± are essentially one-dimensional. The polarization vectors are chosen in the x-direction such that e k1 = e k2 = (1, 0, 0) and E 0 = (E 0,x (z, Z, T )e −iωt , 0, 0). The nonhomogeneous equation (3.8) at the x-component of the solution E 1 at e −iωt takes the form
By removing the resonant terms at e ±ikz , the coupled-mode equations for amplitudes A ± (Z, T ) take the form
where α = α 0,0,1 = α 0,0,−1 . The coupled-mode equations (3.12)-(3.13) can be defined on the interval 0 ≤ Z ≤ L z for T ≥ 0, where the end points at Z = 0 and Z = L z are the left and right (x, y)-planes, which cut a slice of the photonic crystal. The linear system (3.12)-(3.13) is reviewed in [23] . The nonlinear coupled-mode equations are derived in [6, 22] and analyzed recently in [8, 14, 15] .
Coupled-mode equations for four counter-propagating waves.
The lowest-order resonance for four counter-propagating waves (2.15) occurs for p = q = 1, when 
By removing the resonant terms at e i √ 2
(±kx±ky) , the coupled-mode equations for
where D is a domain on the (x, y)-plane of the photonic crystal. The system has not been previously studied in literature, to the best of our knowledge.
3.3.
Coupled-mode equations for two oblique waves. Two oblique resonant waves on the (x, y)-plane are defined by the resonant wave vectors (2.16) under the constraint (2.17). Assuming that e 1 = e 2 = (0, 0, 1), the Maxwell equations can be reduced to the same form (3.15) , where the resonant terms are eliminated at the wave vectors k 1 = k in and k 2 = k (n,m,0) out . The coupled-mode equations for amplitudes A 1,2 (X, Y, T ) take the form
where α = α n,m,0 = α −n,−m,0 . Coupled-mode equations (3.20)-(3.21) for two oblique waves cannot be reduced to the one-dimensional system (3.12)-(3.13), since the characteristics in the system (3.20)-(3.21) are no longer parallel.
The coupled-mode equations for three oblique resonant waves (2.18) can be derived similarly, subject to the resonance condition (2.19) . Three characteristics along the wave vectors k 1 
, and k 3 = k (n2,m2,0) out belong to the same (X, Y )-plane. The stationary transmission problem for the three oblique waves is hence a boundary-value problem on the (X, Y )-plane with three (linearly dependent) characteristic coordinates. Oblique interaction of three oblique resonant Bloch waves in a hexagonal crystal was considered numerically in [18] .
Analysis of stationary transmission.
The stationary transmission problem follows from separation of variables in the coupled-mode equations (3.9):
where Ω is the detuning frequency. When the boundary-value problem for a j (X) is well posed in a bounded domain, analytical solutions for the linear stationary coupledmode equations can be derived by using separation of variables and generalized Fourier series [24] . Exploiting these analytical solutions, integral invariants of the stationary transmission, reflection, and diffraction of the resonant Bloch waves can be computed explicitly. We analyze here the stationary coupled-mode equations for two and four counter-propagating and two oblique resonant Bloch waves.
Transmission of two counter-propagating waves.
After separation of variables (4.1), the linear coupled-mode equations (3.12)-(3.13) reduce to the following ODE system:
The problem (4.2)-(4.3) is defined on the interval 0 ≤ Z ≤ L Z . When the incident wave strikes the photonic crystal from the left, the linear system (4.2)-(4.3) is completed by the boundary conditions
where α + is the given amplitude of the incident wave at the left (x, y)-plane of the crystal. The general solution of the ODE system (4.2)-(4.3) is given explicitly as follows:
where c ± ∈ C are arbitrary and κ ∈ C is the root of the determinant equation
When κ = iK, K ∈ R, the linear dispersion relation Ω = Ω(K) follows from the quadratic equation
The two branches of the dispersion relation (4.7) correspond to the two counterpropagating resonant waves. Their resonance leads to the photonic stop band, which is located in the interval |Ω| < |α|. Let Ω = 0 for simplicity; i.e., the detuning frequency is fixed in the middle of the stop band. The unique solution of the boundary-value problem (4.2)-(4.4) follows from the general solution (4.5):
The transmittance T and reflectance R are defined from the other boundary values of the solution (4.8),
such that the balance identity T + R = 1 is satisfied. The analytical solution (4.8) for the two counter-propagating waves is well known [23] and is reproduced here for comparison with the case of four counter-propagating and two oblique waves on the plane.
Transmission of four counter-propagating waves.
The stationary transmission of four counter-propagating waves in the coupled-mode equations (3.16)-(3.19) is studied in the characteristic coordinates (ξ, η):
After the separation of variables (4.1), the linear coupled-mode equations (3.16)-(3.19) reduce to the PDE system
The problem (4.11)-(4.14) is defined in a bounded domain on the plane (ξ, η). We consider the rectangle
which corresponds to a rectangle in physical coordinates (X, Y ), rotated at 45 o in characteristic coordinates (ξ, η). When the incident wave moves along the main diagonal in the (X, Y )-plane of the photonic crystal, the linear system (4.11)-(4.14) is completed by the boundary conditions 
Although the straightforward computations of D(Ω, K ξ , K η ) are involved technically, it is easy to compute that
and
Integrating (4.19)-(4.20), we find that D(Ω, K ξ , K η ) is given by (4.17). When α
2 , there exist two curves on the (K ξ , K η )-plane, which correspond to the real-valued roots of
There are four surfaces of the dispersion relations Ω = Ω(K ξ , K η ), which correspond to the four resonant counter-propagating Bloch waves. When α 2 > 4β 2 , the interaction of four resonant waves leads to a stop band near the zero detuning frequency Ω = 0. When α 2 ≤ 4β 2 , no stop bands occur in the interaction of the four resonant waves. We consider solutions of the system (4.11)-(4.14) at Ω = 0. By separating variables [24] , we reduce the PDE problem to two ODE problems as follows:
where 
The homogeneous problem (4.25) and (4.27) defines the spectrum of Γ, while the inhomogeneous problem (4.24) and (4.26) defines a particular solution (4.21)-(4.22). The general solution of the problem (4.11)-(4.14) with the boundary values (4.16) is thought to be a linear superposition of infinitely many particular solutions, if the convergence and completeness of the decomposition formulas can be proved [24] . We first give solutions of the two problems above and then consider the orthogonality and completeness of the generalized Fourier series.
Lemma 4.2. All eigenvalues Γ of the homogeneous problem (4.25) and (4.27) are given by nonzero roots of the characteristic equation 
Proof. The general solution of the ODE system (4.25) with the use of (4.29) is found explicitly as follows:
The coefficients c k and c −k satisfy the relations due to the boundary conditions (4.27): When α > 0, the left-hand side equals 1 at Re(k) = 0 and is smaller than 1 for Re(k) > 0. The right-hand side equals 1 at Im(k) = 0 and is larger than 1 for Im(k) < 0. Therefore, roots k ∈ R may occur only in the first open quadrant of k ∈ C. Let the roots k ∈ R be defined by the function
Since the values of k 2 −α 2 for k ∈ R are located in the upper half-plane of the complex plane, f (k) = 0 for α > 0 such that all roots of k ∈ R are simple.
The characteristic equation (4.28) splits into two sets of roots R + and R − such that R + ∪ R − = R, where
We consider the set k ∈ R + and rewrite it in the form f (k) + g(k) = 0, where
The function f (k) has a zero at
Let us consider the domainD
for some large C > 0 and N ≥ 1, such that where n is a large positive integer. The leading order of the asymptotic approximation (4.36) is also shown in Figure 1 by dotted curves. The two sets in (4.36) correspond to the splitting k ∈ R ± in (4.35). The eigenfunction v(η) = v + (η) + v − (η) is symmetric (antisymmetric) with respect to η = L η /2 for k ∈ R + (k ∈ R − ). Moreover, explicit formulas for v(η) follow from (4.32) and (4.33): Proof. A general solution of the ODE system (4.24) is found explicitly as follows: 
We show that u 0 = 0. The equation u 0 = 0 can be rewritten in the form (4.48) and the series converges to
Proof. It follows from (4.25) and (4.27) that the scalar eigenfunction v(η) solves the second-order boundary-value problem
The Sommerfeld radiation boundary conditions (4.50) explain why the spectrum of the formally self-adjoint operator (4.49) is complex-valued. The statement of the proposition follows from the expansion theorem [7, p. 303] , since the theorem's condition is satisfied: A 2,4 = 1, where A 2,4 is the determinant of the second and fourth columns of the matrix A, associated with the boundary conditions
As a result, the Fourier series of asymptotic eigenfunctions (4.39) approximates the series expansion (4.48) for large roots k = k
The uniform convergence of (4.48) follows from that of the Fourier series [24] .
Using separation of variables and convergence of series of eigenfunctions, we summarize the existence and uniqueness results on the generalized Fourier series solutions of the linear boundary-value problem (4.11)-(4.14) and (4.16) with Ω = 0. Proposition 4.6. Let the set {c j } be uniquely defined by the series (4.48) for f (η) = α + (η). There exists a unique solution of the boundary-value problem (4.11)-(4.14) and (4.16) with Ω = 0 in the domain (4.15):
We illustrate the generalized Fourier series solutions (4.51)-(4.54) with two examples: (i) a single term of the generalized Fourier series and (ii) a constant input function α + (η) = α + . For both examples, we compute the integral invariants for the incident (I in ), transmitted (I out ), reflected (I ref ), and diffracted (I dif ) waves from their definitions:
Let the transmittance T , reflectance R, and diffractance D be defined from the relations
The integral invariants satisfy the balance identity
which follows from integration of the balance equation
First, we consider a single term of the Fourier series solutions (4.51)-(4.54). The transmittance and reflectance for k ∈ R are found from (4.44) in the explicit form
while the diffractance is found from the balance identity as D k = 1 − T k − R k . These integral invariants of the stationary transmission for α = 1 and L ξ = L η = 20 are shown in Figure 2 for β = 0.25 and in Figure 3 for β = 0.75. In the first case, when α 2 > 4β 2 , there is a stop band at Ω = 0, such that all modes are fully reflected except for small losses due to diffraction. In the second case, when α 2 < 4β 2 , there is no stop band at Ω = 0, such that transmittance and diffractance are large for smaller values of |k| and become negligible for larger values of |k|.
Next, we consider a constant input function:
when c j can be found from (4.48), 
2 , there exists a stop band at Ω = 0, and the incident wave is reflected from the photonic crystal with energy loss of 1.5% due to diffraction. When α 2 < 4β 2 , there is no stop band at Ω = 0, and the incident wave is transmitted along the photonic crystal with energy loss of 26% due to reflection and diffraction. The linear dispersion relation Ω = Ω(K ξ , K η ), where (K ξ , K η ) are Fourier wave numbers, is given explicitly as
Two surfaces of the dispersion relation (4.68) correspond to the two oblique resonant waves. In a moving reference frame on the plane (ξ, η) there exists a stop band in the dispersion relation (4.68). We consider solutions of the system (4.65)-(4.66) at Ω = 0 by using the Fourier transform Interchanging integrals, we reduce the constraint (4.72) to the form
The inner integral is zero for ξ > 0 and η > 0, due to the table integral 3.871 on p. 474 of [9] . Therefore, the constraint (4.72) is satisfied, and a unique solution of the problem (4.65)-(4.67) exists in the form (4.69)-(4.71).
We illustrate the Fourier transform solution (4.69)-(4.70) with the constant input function
when c(k) can be found from (4.71):
Evaluating Fourier integrals (4.69)-(4.70) with the help of the table integral 3.871 on p. 474 of [9] , we find the explicit solution of the stationary problem: where J 0,1 (z) are Bessel functions [9] . Figure 6 shows the solution surfaces |a 1 (ξ, η)| 
We define the incident (I in ), transmitted (I out ), and diffracted (I dif ) intensities by 
General transmission problems.
A general system of coupled-mode equations (3.9) can be diagonalized in characteristic coordinates, similarly to the case of four counter-propagating and two oblique resonant waves. The characteristic coordinates are introduced from the set of resonant wave vectors as follows:
such that the characteristic coordinate ξ j extends in the direction of the wave vector k j . The characteristic coordinates (ξ 1 , . . . , ξ N ) ∈ R N are related to the physical coordinates (X, Y, Z) ∈ R 3 as follows:
where X 0 ∈ R 3 is an arbitrary point. The boundary-value problem for the linear stationary transmission with Ω = 0 can be rewritten in the form
We consider the domain of definition in the cone (ξ 1 , . . . , ξ N ) ∈ R N + , subject to the Goursat boundary values
The Goursat boundary-value problem (4.81)-(4.82) can be rewritten as the Volterra integral equations: 
As a result, the Goursat problem (4.81)-(4.82) is rewritten as the PDE problem (4.11)-(4.14) with the boundary values (4.16). Theorem 4.7 does not guarantee well-posedness of (4.11)-(4.14), while explicit Fourier series solutions (4.51)-(4.54) do (see Proposition 4.6).
Summary and open problems.
We have shown that the coupled-mode equations can be used for analysis and modeling of resonant interaction of Bloch waves in low-contrast cubic-lattice three-dimensional photonic crystals. The analytical solutions for the linear stationary transmission problem are found by using separation of variables and generalized Fourier series. We have proved that the linear stationary boundary-value problem is well-posed in the context of four counter-propagating and two oblique waves on the plane. We have also given general results on well-posedness of the general linear stationary transmission problem.
It remains an open problem to prove well-posedness of the nonlinear stationary boundary-value problem for small-norm and finite-norm solutions. Nonstationary transmission problems are also of interest, and very few analytical results are available on local and global well-posedness of the nonstationary nonlinear coupled-mode equations. Finally, numerical approximations of the stationary and nonstationary, fully nonlinear coupled-mode equations can be constructed in bounded domains with the method of orthogonal polynomials [17] . All these problems are beyond the scope of the present work.
Appendix A. Nonlinear coupled-mode equations with cubic nonlinearities. Modeling of nonlinear photonic band-gap crystals with cubic (Kerr) nonlinearities is based on the Maxwell equations, where the polarization vector depends nonlinearly on the electric field vector E (see [13] ). When the nonlinearity terms are small, nonlocal (dispersive) terms in the polarization vector can be neglected, and the low-contrast weakly nonlinear photonic crystals can be modeled with the Maxwell equations (1.1), where the refractive index n = n(x, |E| 2 ) is decomposed into the linear and nonlinear parts [23] :
n(x, |E| 2 ) = n 0 + n 1 (x) + n 2 (x)|E| 2 , (A.1) where n 0 is constant and is of small parameter. When the photonic crystal has cubic-lattice structure, the periodic functions n 1 (x) and n 2 (x) are expanded into the where the factor n 0 is included for convenience. Derivation of the nonlinear coupledmode equations is based on rigorous methods of Lyapunov-Schmidt reductions [16] . Equivalently, the formal derivation can be recovered with perturbation series expansions [19] , which follows the formalism (3.2) and (3.3) outlined in section 3. The first-order correction term E 1 (x, t) solves the nonhomogeneous problem (3.8) with additional nonlinear terms:
The cubic nonlinear terms generate N 3 terms from the leading-order solution (3.3), which all give resonant terms by means of the triple series (A.2). By removing the resonant terms, the nonlinear coupled-mode equations for A j (X, T ), j = 1, . . . , N, are derived in the general form: The system (A.5)-(A.6) is reviewed in [8, 23] for β 0,0,1 = β 0,0,2 = 0 and analyzed in [14, 15] for β 0,0,1 = 0 and β 0,0,2 = 0. When β 0,0,1 , β 0,0,2 = 0, the system (3.12)-(3.13) is the most general coupled-mode system for Bragg resonance of two counterpropagating waves [6, 22] .
The nonlinear coupled-mode equations for four counter-propagating waves (3.14) generalize the linear equations (3.16)- (3.19) 
